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51 ALGORTHMS ;

L Tr‘d\ D; V.lsicy\;

Qt_fi_ An '."*’-‘Zer Pezt f>‘ is prime F the aﬂ'& Pos'n-[:'we. 'm'be.ger Factors of p are 1 and p-
Exs 2,85 7 “,’3,17, 19, ..
i and °"'3 ¥ 2,%,. ':[-_\ do not divide p. —> \/acuous,é brue for

2,%
onoF (=>) If p is prime , then 235 p=l do not divide P- So, 1,. ,l.f__l do not divide F'*\Afmd‘ prooF

. +
&) pis not prime , then &3 ol R, Nk e P sach that & k =p- since k, €L
Proc#L» Assume that 2, 3,. ,l_f___[ do not divide P Then, ki > IV7P and k, >|VPl. Hence, k>Jp and k1>JF-
conbadichol This means that K, 27\/_\/f; , which combvadicts kiks =p-
&9' 1QV‘> ﬂere‘ﬁmz, one of 2 3, ,U}’;J dwla’es P.

AMme

NP2 Pevive @ abedichen

___E_ An 'ml:eser Pel‘* p>l s Pr’mﬂe

O

52 Bie-O: /S“fe‘”“"( fimit
— l__ 170 ’nmte
Prp: Given F:R=>B and g:N>M, 56320, )= OB # and only £ 0 0] 2=

Note: Can define 1713—0 for any I;mrbna, value »—=a.
K /re:«l a"ml'\’vfbi

Th: Let F:N—B, F(n) = Z i be o polynomial with degree k. Then, F(n)= O(rt).

Proof: For every n>1, j“’“““‘a‘e mezz.m“@ Kk
k k
14| = lzan g Z Z\a In < Z\a In. n k(zélaq)
%6 120 120 i= -
Henee, we ¢can use C= Zl‘.‘i in the definition o b‘S’O' Cl

i20

Prop. Biy-0 is bnsitive, ie, F(m=O(3) and 3@ = O(he)) = )= O(htr).
Proo“: Suf{)o;e +(n)= O(S(")) ard 3(") O(‘\("))

3 constants Ci,Ca,ky , such that [F(n)] € C (3] For all n

Hence, |#(m]<C Lzlk(n)f for ol n> max{ks, z}
new C T k I
Thus, F0)=0(h(r).

Nobe: Combi nabon rules exist Por sums & Pﬂb‘u

Sk, and. ‘3(ﬂ)]é(4_]k(ﬂ)] for all n>k,.

ek of functions.
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fﬁ‘lﬁi. 6(8-6 is an gi/_,wa’ence relabion on the set of funchions from N—> .
Proof: (Refleaive) F() = B(F(m)
(Summel’.h'c) -f(n)’ @(ﬂ(n)) = 3(")’@(:("))
(Tran;i'l-;w) Fln) =6(gn) and g) = ZIQQ)]
Bg fvans:.'[z'vi{" Ly biaaO, f(n)= O(l\(n)) and hw)= O(f(n))
Hence, £(n)= O(h(). a
kezt
EXGM* 1: (POW Sum) Zik = @(ﬂk+').
izl
Proof:  For all n>l, iik < Zn_'.”k e
” =1 it
Hence, ik = O k+ -
nee .;, (n ) [83 O] /Z%*gms
For all n>2, A n. . n K k H
sari > raraer-al
. i=1 i=[2] i=[4]
Hen, 371%= Q). [g3:9]
i=1 O
/basel
Examde 2: |08 (V\!) = On (03'\))
P’UO‘F: For n>), ﬂ!éﬂ"
5 log) <nlgl) % te
25 teoms
tence, lag@]) = O(nlog@).  [8ig-C)] ek @
n n n " _ Lol n.
For n>2, IOZ(A!) = Z(oa(u) z Zloa(c) ?Z IOS(%‘) 7 %’%(’i) - ‘2—%—_ z
= i=[2] r—&]
rn>4, | (@), < nlog [@ 2n &nlog® &> 2 ¢lg(m) & 4'én].
2 4
Thus, or n>4, loa(n)') 3 Jz-h(os(vﬂ— -k—nloa(n) = ,‘l‘_—nloa(n).
Hence, loa(n!) = O(n loa(n)) . [Big—_Q] 0
Example 3: (Sﬁr\ins's approxima{:ion)
b " o,
n->A n
7w (%)

Henee, ) = 9(ﬁ(%)")-
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PracTice ProgrLems 1 SowTions:

~(GP) >(PAQ)  [Pe Morgans Law]

—1(”\@)_’(?’\60 [-Commu'h'liw. an]

(F AQ) V(P /\Q) [GonJi{iovu‘-D"sjumﬁan Ec;uia/a(ence]
PAG [Tempotent Low]

(PAQ)>@Q  [above procf ]
“1(PAG)V Q [Condi‘ti oval- Dis\’)uncl:iow

@PVTQIVQ  [De Morgan's Law]
apv(7QVQ) [Assoa'aﬁue Law]

APVT [ Negation Law]

=T [Domim{ioﬂ '-‘“']

Hence, {;au)oologgé .

L EQvP) »fAQ)

[}

m w

[l

[GavP)->(PA)] > Q
Equwalence]

|}

Z. (PV?,V f') /\(‘!PV‘liV—W)
— —
T od™ T Hor sa‘BS‘FiaHIH%
50, ore OF ,P,z,f ;5 T and one dF 1?:—'17_"' s -r'
let p=T and g=F. Then, (PVq,Vr)/\ (ﬂrv-\cl,V"r)=T,

Hence, satishable with assicanmenb p=T,g=F, r=T.

Vo PEOYQGN) # Vx Rx) V Y Q1)
Dowain = Z , P(x) = “x is even”, Q<) =
vx (PE)VA@)) is bue.

Vx P(x) and Vx Q) are fake.

n
“x'lsa’d

2 (PEOVA() = Fx PV I Qx)
Pf: Suppose ax(l’ﬁ)V&(ﬂO} s true. Then for some a In

I P(a) is bue, then I P(<). If Q@) is tue, then I Q(*) is true.
So, AP(L) of Ix Q%) s e, ie., Ix POV 3xQ(x).

Suppose Ix Pe)V Fx Q%) is true. Then, 3% P(x) or 3x Q) is brue.
If 3x P(x) & bue, then theve js some a in the domain so that P@) is bre.
tence, P@)V@(@) is tue. Thuss I (PEOVAG)) is bue. L 90) s bue.

If 3x Q(») % true, then there is some 4 n the domain ¥
Hence, P@)VA(@) is bue. Thes, 3x (PEIVA(R)) is brue. o

the domain, P@) is true or 0@) is fue.



Yimuran Malturj
' 25 Sep 2023
4. Proez (viven mEZ, n is even iff n2+) is odd. | 8

_P_fi () nis even = n=2k For some keZ

D nH = 4k2H = 2020
e

€
SntH s odd. <

(&) We prowe this b& Con‘b'qposiﬁ'on.
nisodd Dy = 2kH for some KEZ
D n = k) 4 = At 4 4+ +] =2(2¥z+1“‘”)
/A
€

D nt4) is even.
0

5. a) Rabse & powver seb
Y fube (28=7@)= 19,13}, 1A, B})
JTrue |12=2%)=4
)Tue  Prop: ACB = AXCGCBXC,

PE. Suppse ACB. (onsider (@c)€PXC.
Ther a6B sine A¢B. Hence, (a,9)& BxC.
-

Thus: AXC g BKC.

6.)F:A>B, F()=x,F)=4,FB3)=x
BF:B->A, £(x)=1, f(3)=2
9 f:psA, f(B)=t il
&) No. PF: Assume §:A>8 isa bijection: Then § is one-to-one. ' i M

Sine [Bl=2, but |A]=3, one U‘F'ﬂ\ee|emerfb$ of B must have wore Hhan one fm\mnac m A,

Hence, ¥ is not one-to-one. Conbradiction)
So, § is not bijective. O

€ £:¢»8, fi(®)=* | There are 2 functions.
‘Fz!C—’B, ‘F,,(S)"%

Here, £ is injectve and g is su.jex,b've, § is not sur\]ecﬁve
a'd 3 s mb ;ﬂ\jeCBV¢.

Al=2 <3=ll.

ReFlexive: Ya€N, a<a* (True)
Symmebric: (1,2265 but (2,04R  (False)
1£2 >

Transrhve : ®,3)eR and (3,D€R put (8,2)%}2 (ﬁ‘se)
g¢3? 3¢ 2 8>2

8.
Not equivalence relabon .




9- A = Zan-| =N Let Sh = iiz{ é 25" - 5—:“2"’“ > ")2 Z 2 ZIZ'
= Z(Zan-z"(" ,))_ izo :=o l—l i=t
=332 +n2" - -1
: Za,\_z—(n-+ 2(n-1)) 'Z:o.z' 4 2(2" )
=2 (20,\ 3 "("‘2)) (n + 2("")) =S,k (n'Z)Zn-f 2
“: 2 ay\,;-(h"'Z(n—l)‘l’z (n- 2)) _@Sn:(n_z)z".'.z E*]
= 2 Q- — Z(n 1)2
e -
(setk:n) =70, - Z(n-l)z , where @,=1|
:30
an= 7" “ZZ' +2<:~" 2 = 2 (2 l)n+ n-2)2"+2
120 uSQ [#]

a, = n+2-2", neN

K w k £ n(-3) | kn(n-3)
0. ZZ(J,z) = Z‘(—l-f-O‘l"l‘\'""f'h—Z) =;Z=;‘ V\V\z ’

=) g=1
Z[z +€2)) ® ZZ + S - 22 )+ E)(ED-1) = -2+ %(2°-) = A-z ’%— §L§5—=272-8
e i (2-1) €2-)
no n
o5 g:i = Zl‘.j = n(nzﬂ) : (ako ED))
gzl k=t e
1z. f(n) = L—l- + loaz(n)
d) For n>l, .!‘_i'_(+log,,(n)< noen £ Zn (=2, k= )
" o twlmesses
Hence, F(n) is Ofn). f
2 "oy n (cek,k )\
5) For n>1, «:%*’03:("7 ?—n/*l_ 7 Zn 2 ( Z
Hence, £(n) is L2(n).
Thus, F(n) s ).
[Anuran Makur |
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Bézout's Tdenbty :

For any a,b€EZ wrth ac“l(":b)""d; there exist s,teZ such that as+bt =d.
Moreover, the inb?crs of the form as+bt with s,t€Z are the multiples of d.

Er:o'_Fi

Let k be the smallest positive integer that is a linear combinehon of a and b.
Lk exists Lg well-orolerina frincirle.

k= am + b for some mneZ

63 division algorithwm, a= kg +v for some 3€Z and re{o,...,k"}.

Hence, r-= a- kg, = a-(am +bn)g, = a(l-mg) +b(—ng).
Since k is the smallest such Fog}b'ue in{xgu, r=o.
Hence, k|a. Sim';lar|3, k|b.

Thus, k is a common divisor of a and b.

Since dla and d|b, d|am+bn =k. So, d<k.
Hence, k=d since o(=3cd(a>5).

s> This proves: Ts.peZ, astbt=ged (@b) ' ‘
P od 3‘4@,") 5 the sama"csb ,os'rBVC infggu that s a linear combination of aandb.

C’“"3> as d=am+bn, du=amutbnu for all ueZ.
So, all vnu“;iples of 4 can be vcpresevkeel as linear com
Suppose there is a non-mulbple , olvr-r, with 9€ Z,rei|,~--,d'|}, s0 that

dgtr = as+bt for some StEZ

binakions of a and b.

= y=as+bt- (am+bn)q,
= a(s-mg) +b(t- “%)
This conbradicts d beina the smallest Poﬂ-l:ive i
—> This proves: fas ¥bt: s,t€2} = {du: uez},

rrEeaer Yot 8 a linear combination o aand )b,

O
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EXO(W‘P'C of Kecursion:
F0)=3 , fnr)= 280 +3 For nef0,1,2,..F <+ definition

2> k)= 3.27"-3 ke neio),2,..} e closed-form formula

0] Proogii backward substiubon :

Fna) = 2Fm)+3
= 2[2f(a-0)+3]+3

22 Ffln-) + 3+ 32
= 7*[2#6-D+3] + 3+32

= 2*m-2)+ 3+ 3.2+32°
e 43y? ket
120

2Mn-k) + 3(2-1)  [geomebric series]
2™ 0y + 3(2" ) (=]
3.2Vlﬂ > 32,,." —3

= 3.2™_3
Hence, )= 3 2™ _3 for ne{o,),z,...} ) 0

1]

@ Prook by induchon :
Basis SEB: (n'O) £(0) = 3.2’_3 i3

Inductve step: For any keio,l,z,...}’ assume that £k) = 3. 2kH_ 32,
W'_d
mduchive hypothesis

Fler) = 2£(k)+3 [recuvsive forma]
= 2[3.24-3]+3  [by inductive hyr-]
= 3.2}«'2__ 3.

Hence, Hi)=32%"-3 2> ()= 327

duction, F(n)=3-2™'-3 bor all neio, 1,2, Y.

t.3,

° 33 in



Note: Rewanders of 11~} when divided Bg 6.

—
ke digis
k.
l... = ]
] Z;lo for k20
k4l J‘.a'.ts =0
Obsexve that  10° =\ (mod &)
1024 (mod &)
10*2 4 (mod 6)

Ba’mducﬁon, one can .s)vow thot lO.' 24 (med 6) for 1 21\,

k.
Hence, 510" = (+ 4k (mod 6) for k3 O.

i=0

L+ 4k = |+ 4(kt3) (mod €) for KZO.

Clc.mrlg,
_ The values of 111--) wod 6 will cao\e with peced 3.
k¥ e\xa‘-b
Y = ‘\ . l wod 6= |
Evalua'hrg for k=0,1,2, we have i 65
{1l mod 6=>3

?
, k32 (moo\3)

" _ I, k20 (mod 3) _
i -1 wod 6 5 1 5 _ k3l (wod3)
k) digibs 3

Aﬂufan Makur
25 Oct 2023

|
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Pracrice ProdLems 2 Sowutions:

l. -FV_':& G.'Iven a.b;cez H}‘&I a#o, # a,b afd a'c, k‘\ch a‘bM‘\'C" .5' a“ m'nez'

f_mo_&_ alb = bzax for some x€Z
ale = czay for some yeZ
Hence, bm + cn = @x)m "'(“3)“
= a(nm) ¥ a(yn)
= a(xmiyn) , for al m,n€Z.
e

EZ o
Thas, albm+en for all mneZ.

- First mobe that 11 21 (mod 2) and n]=n(n-)---3-21 2O (med 2) for m>i.
K
So, > nl 2 | (mod2) forall k1.

s anthwetic series

33"1 = Zm(4m+i) 2 0 (mod 2) forall m3 1.

.
=)

Hence, <in! ¥ AZ"’:.) mod 2 = 1| for all k;m3).

n=\ 121

3. 716 = S512(1) + 204 god(716,512) ]
Division # B'2 = 204(2) + 104 = ad(S\Z,‘J,M) _
algoritim3204 = (04 (1) + 100 z ged (204,104) T E;zt‘d::
N\ 104 = (000) + 4 - ged (104, 109)
100 = 4(25) + O =3<A(:oo, 4)
= ged (4,0) )
g
o [ged(716,512) = 4
4. Prime fclorizations: P"‘ ="

m . M

—3

P = p
S -
3 ’ -
Wﬁhseh"\} ..;,,{evﬁ} m‘mie"-'ﬁ}
Pz PK . )

f:' and b= P;RP‘E‘"‘ Flfk, accl(q,b) =P,

(Reca“: Given a = Pf‘ Pft...
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5. gaout's Theorewn:

(river positive integers a,b€Z , the following are bue;
) 3<d(a,h)= sa+th dJor some in‘bﬁgzﬁ s, €Z (called Bérout coefficients) ;

2) acd(d,b) is the smallest Fogi-B.,e ;nbger that is a linear combinaton of a,lv;

3 {asﬂ,{:; s,t€ Z} = {gcd(a,l»)m: m GZ}.
t The linear combinations of a,b are the ”"d‘aflﬁ of 8"‘1(")")-

Since aco\(5,9)=3 ) by Bézout’s Theorem, 6x+93=3 admits inl:eser solutions %, 4.
By observadion, [x=-] and 3:(] is a solution. Z“GW‘L‘ coefficients

Au-antﬁve'a, we an find 2.y sgrkma‘b‘azllg |

Euclidean algorrthm: Baduaarcl subﬁh@
@ 9=60)+3. 9cd(9,6) [#] 3= 9-6 = 6(-N+9(1)
6= 3(1.)""0 = a¢0‘(67 3) R ==\ d =
ey pedy
=3
=

Since 8¢d(5,|4)= 1, by Béeout’s Theorem, Sx + l4y =1 admits inéeaer solubions %y.

The Bézout coefhicient 2 _is the 'mveuec‘r‘ 5 modulo 14 as 52 2 ) (mod 14),

35 observabion, [x23 and y=-1| is a solution.

Al-bema'ﬁvelg, we can find x4 sgs‘bzmad‘l'ca"y:
Backward substitution:

Euclidean_algovithw :
=5~ = 5 - (14 - 5(2))
(114= 5() (14,5) Bl(=5-4 1= ¢
[31 5= 42\) :T a::ml(BA) (14= -3 =5+ 14(-)
4= (&) + 0O = god(4,1) o [x=3 and y=-I
=gcd (1,0) e
L

Hence, 3 is the invese of 5 modulo 4 , because 8(3(5,\4):[ and Bésouts Theorem

guamnlzes the existence of the inverse.
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n-| .
7. Prop: L9 ™
A 23 Z‘z‘ 2= 2= Forall nzl. | Nov 2023
=0

Proof:
=t

; : . )
Basis step: If n=1, 2.7 %5 o= .
=0 = 2 =
kel
Assume that Z.—-z S

Tnducbive H’ﬁﬁ . Fix any arb‘{mand m‘keaef k2).
i=0
Inductive gg We wanb to show that Z.-—- 2 2- == H'z . h{proisi-ﬁon at k-\'\]

izo

K, 2Lk

R - S
=0 2 Yo Pl Ve
ket uchve h obhesis
= 2-k ke [by induckive hyp is)
=2- Z(k*':‘)‘k
A
= k+2
TP
This completes the inductive sbep.
.
Bﬂ‘”“w& of qu'emq'ba!' induckion, -o—{'- =2~ ..;—'H— for all n2). ]
8. Prop: 2nt3 & 2" forall nz3 4
Froof:
Basis step: I n=4, 24)+3= Il and 2%216. Hence, 28)+3 ¢ Z* for n=4.,
Trductive Hmﬂveﬂ's: Fix any arb'r{:mra n'nbeau k2 4. Assume that 2k+3 & 2“.
_I_"_‘El_“_"ﬁ“_‘_i‘lfiﬁ. We want o show that 2(k¥)¥3 &2™, e—{profosiﬁon ot kH)
2(kN)+3 = 2k+S
2(2k+3)+ 2
& 2%+2 [by induchive hypothesis]
£ ka2t [as 242 for kz4)
= %M
This completes the inductive step.
+3&2" forall nzA. 0O

ple oF Ma‘uiemabcal induction , 2n

= Bg the _p_r:ind

M“—:- The Prbposi{’l'on is not true for n&4.
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9. Kecurrence re(abion:A f(\=2, $(2) =1
f(n)= 3#(m-1) - 2F(n-2) For n23

ﬁ_’oﬁ )= 3-2"" foral n2l.
PWOF:

-%‘—S'—‘—";—EL- I‘F":'l) ‘Fa)"‘i and 3"2‘_'12, Henu, ~F(|)-.3—2(-' for n=1.

e
—

Tfn=2, F2)=1 and 3-2*7'=1 Hence, #(2)= 3-2*7 for n= 2.

S

Inductive Hypothesis: Fix any arbitmary k2 2. Assume that F(i)=3- 257" fer all je{l,z,...,k}.

Inductive step: We want to show that Flk+1) = 3=2% e{pm'os'tl'ion ab kH]
We assume all - l

Fk¥) = 38(k)- 26(k-1)  [recurrence] pake g:;"‘j;
= 3(3-2%")-2(3-2%7) [by induckive hypothesis] o indhe v
2(9-6)-32""+ 2.2¢7? Lsf-' -
=3- 34+ L2
=3-2"
This completes the inductive step.
a

.. By shrong induction , £{n)= 3-2"" forallnzl.

. S=11,-2,4,-8,16,-32,..} « powers o -2
The set SCZ is vccursive’, defined as:

Basis sg: 1€S)
Recursie step: If x€S), then ~22€ 3.

inbegers of the form 4gt+3 for 4z

5,=facZ|az3 (med N}« ol
J.eﬁ'nco‘- as:

The set S.EZ is mw.rsive.lg

Basis step: 3€S,
Recursive Qz If z€Ss, then ¢ 4€S, and x-4€5,.

Let £:2%—> i0,|,2,3,4'} re.rfesenl: the dunction comruiaof l»a func. Backward substitution
For n21, f(n)= 3H(n-1) mod S = 3(3§(n-2) mod 5) modS = 3"{:(“.2) mod 5 _-_f.: 3"";(0 wmod 5
CRrnzl, 40 = [ab mod M= (mod M) rmed 1) et te=3

335 4 (mod5), 3°2 2 (med5), 3% 2| (mod5), .. [cycles.]

3°5 ] (mod 5), 3' = 3 (md®),

} , N0 (mod4)
F)=43 , nzt (modd) | For 21
4 >»nZ 2 (M4')

Z ’ ns 3 (mdq’)
@
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2. &) 10-9-8- -+ -2-1 < wo. of choices
y 2 3 7 0 & postion index
10]| wags
D EELEHAHALL rrany. webu
;. x ZI (—-:10. of r:rmubkons
416! | ways

c) _A,Bf'_’o&"b-—]-'-:- Let N= nm‘-inhros'l:ina question , T = inberasana guestion
e R, NN, B 8§ N guestions
] 2 3 *t [} . l 7. (] ) . 8
g possble pesitions for inberesting quesvons

No. of ways= 81 x C(9,2) x 21 = 81-P(%,2) =[8!-9-8]
ooy e d gl iz b ovriler e

N . 4 x
puestions ons for I Yows
P.{'Q,:"esaens fues ‘
A . no. of ways no. of ‘{“"5‘ _ zhmn:.
_ctv_'m_bz_‘ 33 Sum rule, T questions are +|T guﬁ@ms = "
adjacent ot adja — 5
. s ’ y = |0l € al ways b‘
X p 4 * order 10 gues ons

Assume we have 9 objects:
N)N;N;N’N’N’N’N,[Ir].
the bvo I guestions

Then, T
X = no. of w
7 5 2 to order.fi guestions in the qrodp
t-m. of ways 'bg
\ecbs
order 7 objec [Kemvk‘. Of wurse, 8! 9.8 = |O! =71 2!]

Y= 101-X =101 2| weps

&) Lee I= i“emsb‘“a, H H h"ﬂ but hon’;mH”Q, E:ass
Cose 2. Block of the Jorm [HIT H) enists.
[Htr H] = P(4,2)-2) = 4!

Case l: Block of the form [HIHIH exists.
No. of ways o order (HIHTH) = P(4,3)2! = 412 No. of ways to order
M-&W‘?Sh ovder E;E,E:E'H)Hp[HIIH] = 7!
714\

No. of ways order E,E'E,E,H,[HIHIH] = 6l '
2 No. of ways wth [HIHIH]= 61412 2 No. of ways with [HITH] =
—_— - .

Case3 : 2 blocks o the form [HI H] exist. Let the inberesting guesﬁon

< vo. of choices
for H gmam

1) k I\’Iﬂ.‘

4132 2zl

g——v———l
block 1 block 2
No. of vays o construct blocks = 4|
No. of 4o order E,E,E,E,[Hnu],[m,u] = 6l

> No. of ways with [WIH],[WIH] = € 4]
= 6141 (2+7+1) =||o-s!4g}|

By sum rule, no. of ways = 6l4]2) + 714 +6l4) =
mse2 oased

case |
the box coﬁesrma‘iy\a lo ks clor.

13. Boxes ave colovs. Objects are socks. Place asock in

By pigeonhole principle, Dirichlet wust dmw [6 secks|.
T k=95 boxes, k+ zuaum{z?sa pair




SLd3ONO) Al

ba-ﬂﬁd
SUWYIY
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PRACTICE PROGLEN\S 3; Anucan Malkur

10) g!ﬁx L 5= {a,\o"j HE
Z;-sb"mas nth even no. O‘F a's = B’(ab‘a h.)*
odd — 4 —— = b* (ab’a b‘ )*a b*

]

COP\SiJCY S“:ﬁr\gs on‘z. o—F |eV\%‘H-. Zk
T af-sgpeicls } Effeckive . Jaa,bb, ab,ba}

Lt bl alphovet

2 3 4 k N
Defive AfabUba and B2 oaUbb, and lef >.= A8}
- —_—— A

Eq/dva[eer\a, consider sé\rirgs on 2. o \u\gﬂ-\ k.

A "
o® - st th ke th = Z‘Sfﬂ s of ler\a'u\ 2k
iy NXOF |&"‘3 " with ev? yo. of a's and b's Can prove

even no. of A's
ZA:—SHnas eFla.g&\ k wth Z.—sb'inﬂs of lenzf"l 2k these
oddd no. of A T with odd ve- of a’s and b’s

«— lehaﬁ\ must be 2) )
has even ro. oFa's and bs.

Z‘S‘b’i"gs with even ro. & a’s and onna.gF b's
hos odd no. of a's and bs.

tg‘f_,—- Start with b. Remaming 2e- |¢v\a‘uw d:v'ing
Case2: Start with a. Rcma'm'mg 2k- ]ehg‘ﬂ\ s{'ﬁng

with even Mo. & o's and o&dho-m(‘bls
aa O bb

Z- sé"ii%s
E |(b B*(AB*AR*)*) U (a B*(AB'A gy Ast)

| here A= abUba ard B=

Bc) S—> sys —> TUTUS = T TaS TUS— TTaSTU—> TTaSUs TU —> T TaS TaS ST(ﬂ

— _*
[ 7. 57 65T o TTasus ToSST —> T T Tal STalST —> TTaTaTaT
aa bb a aba ba abbo———]




